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SPECTRAL EXPONENTIAL SUMS ON HYPERBOLIC SURFACES I:
SPECTRAL-ASPECT
IKUYA KANEKO
Abstract. We study an exponential sum over Laplace eigenvalues λj = 1/4 + t
2
j with tj 6 T for Maaß cusp
forms on Γ\H as T grows, where Γ ⊂ PSL2(R) is a cofinite Fuchsian group acting on the upper half-plane H.
Specifically, for the congruence subgroups Γ0(q), Γ1(q) and Γ(q), we explicitly describe each sum in terms of
a certain oscillatory component, von Mangoldt-like functions and the Selberg zeta function. We also establish
a new expression of the spectral exponential sum for a general cofinite group Γ ⊂ PSL2(R), and in particular
we find that the behavior of the sum is decisively determined by whether Γ is essentially cuspidal or not.
We also work with certain moonshine groups for which our plotting of the spectral exponential sum
alludes to the fact that the conjectural bound O(X1/2+) in the Prime Geodesic Theorem may be allowable.
In view of our numerical evidence, the conjecture of Petridis and Risager is generalized.
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2 IKUYA KANEKO
1. Introduction
1.1. Statement of results. We present a new strategy to examine the spectral exponential sum
S(T,X) =
∑
tj6T
Xitj (1.1)
in the spectral-aspect, i.e. as T →∞. Here λj = sj(1−sj) = 1/4+t2j are so-called non-exceptional eigenvalues
of the hyperbolic Laplacian acting on L2(Γ\H) with Γ being a congruence subgroup of the full modular group
PSL2(Z) and H the upper half-plane. We henceforth use the sign convention tj > 0. The spectral exponential
sum has drawn interest since it is closely connected with many important problems, for example the Prime
Geodesic Theorem and hyperbolic lattice point problem. Actually, for these two problems, one can use the
spectral theory of automorphic forms via the trace resp. pre-trace formula. For ease of exposition we now
focus solely on the Prime Geodesic Theorem. This refers to the asymptotic behavior for the counting function
piΓ(X) = #{{P} : N(P ) 6 X},
where {P} denotes a primitive hyperbolic conjugacy class in Γ, and N(P ) stands for its norm. Note that
we call {P} primitive if a hyperbolic element P ∈ Γ cannot be written as Qj with j > 2 for some Q ∈ Γ.
Every hyperbolic conjugacy class is a power of some primitive class. By partial summation, one easily passes
between asymptotic results for piΓ(X) and the weighted counting function
ΨΓ(X) =
∑
N(P )6X
Λ(P ),
where the sum is over all hyperbolic classes, and Λ(P ) = logN(P0) if {P} is a power of a primitive hyperbolic
class {P0} and equals 0 otherwise.
In his seminal work, Iwaniec [Iwa84] obtained the explicit formula for ΨΓ(X) as an application of the
Selberg trace formula and a Brun-Titchmarsh type inequality (see [Iwa84, Byk94, KK18]). Indeed, for any
congruence subgroup Γ, one has
ΨΓ(X) = X +
∑
1/2<sj<1
Xsj
sj
+
∑
|tj |6T
Xsj
sj
+O
(
X
T
(logX)2
)
(1.2)
with T varying in 1 6 T 6 X1/2(logX)−2. Here the first sum runs over exceptions to the Selberg eigenvalue
conjecture, and we used the original sum
∑
|tj |6T to mean that the sum is symmetrized by including both
tj and −tj . The explicit formula teaches us that when T is suitably optimized, one cannot reach an error
term smaller than O(X3/4+) without considering any cancellation in the sum over the spectral parameters,
due to the Weyl law. Notice that the corresponding barrier for S(T,X) is  T 2, which is usually called the
trivial bound.
We recall that the Selberg zeta function is built out of prime geodesics as follows:
ZΓ(s) =
∏
{P0}
∞∏
k=0
(1−N(P0)−s−k), (1.3)
the outer product ranging over all primitive hyperbolic classes in Γ. Given the analogue of the Riemann
hypothesis for the Selberg zeta functions for congruence surfaces (apart from a finite number of exceptional
zeros), one may expect the approximation ΨΓ(X) ≈ X with the error term O(X1/2+). This remains a
longstanding open problem owing to the abundance of the eigenvalues.
When Γ is arithmetic, an improvement over the 3/4-barrier could be deduced by appealing to the Kuznetsov
trace formula in place of the Selberg trace formula. The first landmark result is due to Iwaniec [Iwa84], who
showed for Γ = PSL2(Z) that
S(T,X) TX11/48+ (1.4)
with T, X  1, whence he derived that
ΨΓ(X) = X +O(X
35/48+).
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The bound (1.4) was further improved by Luo and Sarnak [LS95] as follows:
S(T,X) X1/8T 5/4(log T )2. (1.5)
Note that the Luo-Sarnak bound (1.5) is available for any arithmetic group Γ ⊂ PSL2(R) such as congruence
subgroup and subgroup arising from a quaternion devision algebra over Q1 ([LRS95, Koy98]). They proved
through (1.5) with the optimal choice T = X3/10 that
ΨΓ(X) = X +O(X
7/10+).
After this, Cai [Cai02, Equation (7.10)] proved by cultivating the step of Iwaniec that
S(T,X) (TX)(T 2/5X11/30 + T 3/2), so that ΨΓ(X) = X +O(X71/102+).
However, the improvements above were done by using the spectral theory of automorphic forms. Indeed, the
crucial step in all of these works was deriving a nontrivial bound on S(T,X). Subsequently, Soundararajan
and Young [SY13] succeeded in showing the strongest bound amongst results to date for the full modular
surface, namely
ΨΓ(X) = X +O(X
2/3+θ/6+), (1.6)
with θ being the subconvex exponent in the conductor aspect for Dirichlet L-functions of real primitive
characters. Thanks to the famous Weyl-type exponent θ = 1/6 shown by Conrey and Iwaniec [CI00, Corollary
1.5], the asymptotic formula (1.6) asserts that the Prime Geodesic Theorem with the error having the order
of magnitude X25/36+ is allowable. For Weyl-type subconvex bounds (which have better quality than
Burgess-type subconvex bounds such as [Bur63, HB78, HB80]) for Dirichlet L-functions L(1/2 + it, χ) with
χ a Dirichlet character of conductor q, Huxley and Watt [HW00] dealt with the case of q a prime and for
the hybrid aspect. In the recent paper of Milic´evic´ [Mil16], which includes a very strong result of sub-Weyl
type, the case that q = pn is a prime power with n large and for the q-aspect was considered. Conrey and
Iwaniec’s bound for quadratic characters of odd conductor has recently generalized by Young [You17, (1.5)]
that was further generalized for cube-free q by Petrow and Young [PY19].
Although Soundararajan and Young have not explicitly mentioned the connection between bounds on
ΨΓ(X) and S(T,X), one can obtain S(T,X)  TX(1+θ)/6(TX) as an equivalent assertion to (1.6). Their
method has new ingredients such as using the so-called Kuznetsov-Bykovskii formula ([Kuz78], [Byk94,
(2.2)], [SY13, Proposition 2.2]). Notice that a new proof of (1.6) has been produced by Balkanova and
Frolenkov [BF18a, BF18b] via an entirely different strategy (with some extra saving in the power of logX).
Anyway, the conjectural exponent 2/3 in the Prime Geodesic Theorem follows from the Lindelo¨f hypothesis
for Dirichlet L-functions of real primitive characters. Iwaniec [Iwa84, p.139] gave a heuristic for the expected
bound EΓ(X) X1/2+ under the extended Linnik-Selberg conjecture (for details, see [ST09, Iwa84]).
It is tempting to speculate what the true order of S(T,X) should be. Petridis and Risager [PR17, Con-
jecture 2.2] have conjectured square root cancellation in S(T,X), namely
S(T,X) T (TX). (1.7)
Moreover, they observed that the bound (1.7) yields not only the best possible error term O(X1/2+) in the
Prime Geodesic Theorem, but also the best error term “on average” for the hyperbolic lattice point problem.
In the appendix of the paper of Petridis and Risager [PR17], Laaksonen proved by the direct use of the
Selberg trace formula that their conjecture (1.7) is true for a fixed X > 1 in the spectral-aspect. Notice that
he worked with the sine kernel
∑
tj6T cos(tj logX) = <S(T,X) due to some technical cause. We discuss
this cause in Remark 5.3 detailedly, after the definition of normalized versions of S(T,X). We decipher the
generalization of his result to other hyperbolic surfaces.
We will mainly be concerned with the three congruence subgroups Γ0(q), Γ1(q) and Γ(q) exactly defined
in Section 2.2. Just before stating our main results, we introduce the following standard notation: Let Λ(X)
1Let S be the set of primes p such that Dp = D⊗Q Qp is a division algebra, where D = (a, b/Q) is a quaternion algebra over
Q linearly generated by 1, ω,Ω, ωΩ with ω2 = a, Ω2 = b, ωΩ + Ωω = 0, and a, b > 0 squarefree. Koyama [Koy98] supposed that
the prime 2 is unramified, namely 2 /∈ S. This assumption comes from Hejhal’s result C(pi) | 4ab, where C(pi) is the conductor
of pi = ⊗pip that is an image (by the Jacquet-Langlands correspondence) of a cusp form for the cocompact group determined by
D. But one could remove this via some representation-theoretic approach.
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be the von Mangoldt function extended to R by defining it to be 0 when X is not a prime power. Define a
geometrically analogous function ΛΓ(X) for norms of hyperbolic conjugacy classes in Γ to be
ΛΓ(X) :=
{
logN(P0) if X = N(P )
j (j > 1),
0 otherwise.
Chief novelty of this paper is to generalize classical strategies for the exponential sum over Riemann zeros
(see Section 3.1) to its spectrally analogous case, i.e. the spectral exponential sum. One of our aims is
to prove that the sum S(T,X) for a congruence subgroup Γ obeys a conjectural best error bound in the
spectral-aspect to which we have already alluded.
Theorem 1.1. For Γ = Γ0(q), Γ1(q) or Γ(q) with q > 1, we define
S(T ) =
1
pi
argZΓ
(1
2
+ iT
)
and G(T ) =
∫ 2
1/2
|ZΓ(σ + iT )|dσ.
For a fixed X > 1, we then have
S(T,X) = vol(Γ\H)
2pii logX
XiTT +
T
2pi
(X1/2 −X−1/2)−1ΛΓ(X)
+
T
pi
X−1/2Λ(X1/2)
∑?
ψ
<(ψ(X1/2)) +XiTS(T ) +O(G(T )), (1.8)
where the sum ranges over Dirichlet characters ψ to some modulus dividing q, and the meaning of ? on the
sum is described in Lemma 2.2.
Actually, the formula (1.8) for the full modular group was already announced by Fujii in 1984 in his short
paper [Fuj84a]2 without a proof (notice that his statement recovers Laaksonen’s result). Note also that in
Fujii’s paper, the additional term XiTS(T ) did not appear, instead it was replaced by O(T/ log T ), which
follows from the fact that the trivial bounds on S(T ) and G(T ) are S(T )  T/ log T and G(T )  T/ log T ,
respectively. We may revisit the issue of bounding the integral G(T ) nicely, elsewhere. We provide a proof of
Fujii’s remarkable consequence, and our Theorem 1.1 generalizes his and Laaksonen’s result to the congruence
subgroups Γ0(q), Γ1(q) and Γ(q).
Theorem 1.1 naturally makes us believe that the extremely strong bound ΨΓ(X)−X  X1/2+ may hold,
and also tells us the following surprising phenomenon:
Corollary 1.2 (to Theorem 1.1). For a fixed X > 1, the spectral exponential sum S(T,X) has a peak of
order T whenever X is equal to a power of a norm of a primitive hyperbolic class in Γ, or to an even power
of a prime number which comes from the determinant of the scattering matrix associated with Γ. At the peak
point X corresponding to the peak of S(T,X), the second or third term in the asymptotic law (1.8) does not
vanish. Actually, S(T,X) does not always exhibit a clear peak structure (see [PR17, Appendix]), but it shows
just faint abnormalities in its oscillation.
Interestingly, Corollary 1.2 applied to the special case PSL2(Z)\H agrees with the theorems by Chaz-
arain [Cha74], where for the wave kernel the singularities occur at the lengths of closed geodesics. Theo-
rem 1.1 also means that one can exploit S(T,X) as a “roundabout” way of detecting pseudoprimes N(P ),
provided that S(T ) and G(T ) can appropriately be bounded. From such a point of view, there seems to exist
a very deep connection underneath the surface between spectral parameters tj and the length spectrum in H.
Eventually we can see that our spectral exponential sum S(T,X) differs from the classical one counted with
Riemann zeros where the peaks are known to be at all prime powers. It is well known that the oscillatory
term in (1.8) with an amplitude of order T does not appear in the latter case, so the usual exponential sum
involving Riemann zeros jumps abruptly up at its peak points. Also, one fascinating point to note is that
twisting S(T,X) with respect to the level q does not pose the change of the location of the peaks at even
prime powers for PSL2(Z)\H.
2The spectral exponential sum takes a different form
∑
eiαtj with α > 0 in all of Fujii’s original papers we referred. Taking
α = logX yields our shape of the spectral exponential sum.
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Remark 1.3. Our proof is conceivably also valid for a general cofinite Γ ⊂ PSL2(R); however, for such a Γ
an explicit form of the scattering determinant has not given yet, so that one cannot simplify the expression
for S(T,X) in general. The expression of S(T,X) involving the variation in the winding number of the
scattering determinant over the interval [−T, T ] will be provided in Section 3.2. Notice that the peak points
at even powers of rational primes are owing to the scattering determinant, hence the order of magnitude of
peaks generally depends only on Γ.
Remark 1.4. Hejhal [Hej76, Theorem 15.13] established that for a general cofinite Γ the Prime Geodesic
Theorem holds with the exponent (1 + 2α)/(2 + 2α) +  if the bound S(T )  Tα+ holds. Thus, making α
tend to 1 recovers the trivial bound ΨΓ(X)−X  X3/4+, while upon assuming S(T ) T , one arrives at
the expected exponent 1/2 + . But we cannot provide any evidence for that assumption here. In this sense,
the Prime Geodesic Theorem and S(T ) are enormously connected.
From our Theorem 1.1 and observations in Section 4, we conjecture the following square root cancellation
for S(T,X), which generalizes the Petridis-Risager conjecture for PSL2(Z)\H.
Conjecture 1.5. Let X > 2. For any arithmetic hyperbolic surface, the spectral exponential sum S(T,X)
exhibits square root cancellation in T with uniform dependence on X (up to a factor of order X), namely
S(T,X) T 1+X.
For more details, see Section 4.2, in particular Question 4.5 where we ask about the annihilation of peaks
of S(T,X) for a certain generic situation. An interesting question here is which of the peaks coming from
powers of norms of primitive hyperbolic classes in Γ and even powers of primes have larger order. There
is actually an observation that the peak points for the normalized spectral exponential sum S(T,X)T−1 at
even prime powers fade out for large X so that the peaks arising from prime geodesics are highly visible; see
the numerics in Section 5.3.
Finally, It is worth mentioning that the results in this paper ought to be used to estimate various forms
of spectral sums over eigenvalues of the Laplacian, using the Selberg trace formula (or something like what
can be derived as its applications).
1.2. Organization of the paper and comments. The rest of the paper is structured as follows. In
Section 2, we provide a precise form of the Weyl law as well as explicit calculations of scattering determinants
for congruence surfaces we are treating. In Section 3, after invoking the situation of the Riemann zeta
function, we prove Theorem 1.1 by representing S(T,X) by means of the spectral parameter counting function.
Although our proof of Theorem 1.1 is short, several points were not obvious and widely applicable. We devote
Section 4 to the exposition of our idea deduced from the Phillips-Sarnak theory, and of inputs concerning
the generalization of our main theorem. Finally, in Section 5 we handle certain moonshine groups for which
the numerical evidence for our conjecture (Observation 4.2) will be given as well. We will see peak points of
S(T,X) which agrees with Corollary 5.2 applied to moonshine groups in the spectral-aspect. Corollary 5.2
generalizes our Theorem 1.1 to the setting for discrete cofinite Γ.
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2. Sketch of requisites
2.1. Weyl law: high-wrought shape. The spectrum of the Laplacian on hyperbolic surfaces has a deep
connection with certain engaging objects in number theory such as, sketchily, L-functions and exponential
sums. There are a number of conjectures centered around the intrinsic structure of the discrete spectrum.
Apart from λ0 = 0, which always occurs (when an associated finite dimensional unitary representation χ of Γ
is trivial) owing to the constant eigenfunction u0 := vol(Γ\H)−1/2, we cannot count separately the point and
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the continuous spectra. For a general cofinite group, it remains an open problem which spectrum is larger in
order of magnitude (see Section 4). From this, it turns out that asymptotics involving the spectrum entails
the quantity MΓ(T ) except for some special groups. With the information above, the Weyl law describes
the asymptotic behavior of both discrete and continuous spectrum in an expanding window. Indeed, for any
Fuchsian group Γ of the first kind, it asserts that
NΓ(T ) +MΓ(T ) ∼ vol(Γ\H)
4pi
T 2 (2.1)
as T → ∞, where NΓ(T ) := #{j : tj 6 T}, while MΓ(T ) is the winding number which accounts for the
contribution of the continuous spectrum:
MΓ(T ) :=
1
4pi
∫ T
−T
−ϕ′
ϕ
(1
2
+ it
)
dt.
Here we have denoted by ϕ the determinant of the scattering matrix Φ of Γ (for a detailed explanation of its
form, see Section 2.2). In order to prove the asymptotic law (2.1), the complete spectral decomposition of an
automorphic kernel is required. Actually, we know that the Selberg trace formula is a conventional tool for
deducing (2.1). If Γ\H is compact, MΓ(T ) vanishes and the formula (2.1) can be reduced to the asymptotic
behavior of NΓ(T ). Such a formula for Γ cocompact could simply be derived also from a certain geometrical
argument. Notice that MΓ(T ) is real and approximately equal to the number of scattering poles on the left
of the critical line <(s) = 1/2 with heights at most T up to an error O(T ).
We will later see that (2.1) is not rather enough for our objective. In this way, we shall recall the Weyl
law with three principal terms (cf. [Ven82, Theorem 5.2.1]3, [Ven90, Theorem 7.2], [Iwa02, Equation (11.3),
p.159]), which would be tailored to be available for the general cofinite scenario:
Theorem 2.1. Let Γ be a discrete cofinite subgroup of PSL2(R). Then we have
NΓ(T ) +MΓ(T ) =
vol(Γ\H)
4pi
T 2 − h
pi
T log T + cΓT + S(T ) + const.+ w(T ), (2.2)
as T → ∞. Here h is the number of inequivalent parabolic generators (cusps) and cΓ is a certain constant
depending only on Γ, S(T ) is the same as in the introduction, and w(T ) is taken such that w′(T ) T−2.
This can be derived almost verbatim the argument used to prove (2.1). We will effectively exploit the
formula (2.2) in what follows (specifically in the proof of Theorem 1.1).
2.2. Explicit computation of scattering determinants. In this subsection, let us work with the following
congruence subgroups
Γ0(q) :=
{(
a b
c d
)
∈ PSL2(Z) : c ≡ 0 (mod q)
}
,
Γ1(q) :=
{(
a b
c d
)
∈ PSL2(Z) : a, d ≡ 1 (mod q), c ≡ 0 (mod q)
}
,
Γ(q) :=
{(
a b
c d
)
∈ PSL2(Z) : a, d ≡ 1 (mod q), b, c ≡ 0 (mod q)
}
.
Recall that
vol(Γ\H) = pi
3
[PSL2(Z) : Γ] =

pi
3
q
∏
p|q
(
1 +
1
p
)
for Γ = Γ0(q),
pi
3
q2
∏
p|q
(
1− 1
p2
)
for Γ = Γ1(q),
pi
3
q3
∏
p|q
(
1− 1
p2
)
for Γ = Γ(q).
3There is a misprint for the error term in Theorem 5.2.1 of Venkov [Ven82] where it was written as O(T log T ). A standard
argument shows that it should be replaced by O(T/ log T ), which stems from an estimation of S(T ).
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For Γ = Γ0(q), Γ1(q) or Γ(q), an exact calculation of ϕ was executed by Hejhal and Huxley for a squarefree
q and for every q, respectively. From their achievements, it is clear that ϕ attached to Γ can be explicitly
described in terms of a product of Dirichlet L-functions. For simplicity, we record only the result of Huxley.
Theorem 2.2 (Huxley [Hux84]). Let Γ = Γ0(q), Γ1(q) or Γ(q). Then the scattering determinant of Γ is
given by
ϕ(s) = (−1)(h−h0)/2
(
Γ(1− s)
Γ(s)
)h(
A
pih
)1−2s∏?
ψ
L(2− 2s, ψ)
L(2s, ψ)
. (2.3)
Notation is as follows: h equals the number of inequivalent cusps, and h0 is an integer for which
TrΦ(s)→ −h0 as s→ 1
2
.
The Dirichlet characters ψ appearing in the product are what can be written as
ψ(n) = ψ1(n)ψ2(n)ωm1m2(n) for n ∈ Z+,
where ψ` (` = 1, 2) is a primitive Dirichlet character to some modulus q`, and ωm1m2 is the trivial character
to the modulus m1m2. As for the product over ψ, the variables q1, q2, m1 and m2 are over all positive integers
satisfying the conditions below, and ψ` (` = 1, 2) is over all possible Dirichlet characters.
(a) (m1,m2) = 1, m1q1 | q, m2q2 | q for Γ = Γ(q),
(b) (a) and m1 = 1, q1 | m2 for Γ = Γ1(q),
(c) (b) and q1 = q2, ψ1 = ψ2 for Γ = Γ0(q).
Also, the product in (2.3) has h terms and A is a positive integer composed of primes dividing q defined as
follows:
A =

∏
(a)
m1m2q1q for Γ = Γ(q),∏
(b)
q1q for Γ = Γ1(q),∏
(c)
q1q
(m2, q/m2)
for Γ = Γ0(q).
3. Asymptotics for the spectral exponential sum
In this section we prove Theorem 1.1 by using the implements prepared in Section 2, after invoking the
principal situation where we deal with the classical exponential sum counted with Riemann zeros with positive
imaginary parts. Here we focus on the congruence subgroups Γ0(q), Γ1(q) and Γ(q).
3.1. Invoking the classical case of the Riemann zeta function. Let ζ(s) be the Riemann zeta function
and denote its nontrivial zeros by ρ = β + iγ with 0 < β < 1. Define Λ(x) to be the von Mangoldt function
extended to R by letting Λ(x) = 0 for every x ∈ R\N. Landau [Lan12, Satz 1] obtained the following famous
asymptotic law on the exponential sum in 1912: for a fixed x > 1 and T →∞,∑
0<γ6T
xρ = − T
2pi
Λ(x) +O(log T ). (3.1)
One can see that the exponential sum grows by order of magnitude T when x is a prime power. Comparing
our Theorem 1.1 and the Landau formula (3.1), there exists a difference between the signs of the second
term in (1.8) and the main term in (3.1). As will be clarified soon, this important phenomenon is due to
the definition (1.3) of the Selberg zeta function ZΓ(s). The graph of the real and imaginary parts of the
normalized sum T−1
∑
0<γ6T x
ρ was plotted by Laaksonen in [PR17], appealing to the numerical data of
Odlyzko [Odl14]. We remark the function Λ(x) takes the value log p on powers of some fixed prime p, so any
peak that is higher than the preceding ones necessarily corresponds to a new prime.
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3.2. Proof of Theorem 1.1. We are now in a position to prove Theorem 1.1.
Proof of Theorem 1.1. Recalling the stronger form of the Weyl law (2.2), one obtains
S(T,X) =
∫ T
1
XitdNΓ(t)
=
vol(Γ\H)
2pi
∫ T
1
Xittdt−
∫ T
1
XitdMΓ(t) +
∫ T
1
XitdS(T ) +O(log T )
= L 1 +L 2 +L 3 +O(log T ).
(3.2)
We now compute explicitly each term L ♦ with ♦ ∈ {1, 2, 3} in some rigorous fashion. We first treat L 1 for
which we use integration by parts to get
L 1 =
vol(Γ\H)
2pii
XiT
logX
T +O(1).
As for the second term L 2, we boil down the scattering determinant using Theorem 2.2:
−ϕ′
ϕ
(1
2
+ it
)
= 2 log
A
pih
+ h
Γ′
Γ
(1
2
± it
)
+ 2
∑?
ψ
(
L′
L
(1− 2it, ψ) + L
′
L
(1 + 2it, ψ)
)
.
Therefore we exploit the Stirling asymptotics, obtaining
MΓ(t) =
1
4pii
log
∏?
ψ
(
L(1 + 2it, ψ)L(1 + 2it, ψ)
L(1− 2it, ψ)L(1− 2it, ψ)
)
+O(t log t). (3.3)
We use integration by parts again, and then bounding trivially the Dirichlet L-functions appearing in (3.3)
yields
L 2 = − 1
4pii
∑?
ψ
∫ T
1
Xitd log
(
L(1 + 2it, ψ)L(1 + 2it, ψ)
L(1− 2it, ψ)L(1− 2it, ψ)
)
+O(log T )
=
logX
4pi
∑?
ψ
∫ T
1
Xit(log(L(1 + 2it, ψ)L(1 + 2it, ψ))− log(L(1− 2it, ψ)L(1− 2it, ψ)))dt+O(log T ).
Letting δ = (logX)−1, the first integration involving log(L(1 + 2it, ψ)L(1 + 2it, ψ)) is
1
2i
∫ 1+2iT
1+2i
X(t−1)/2 log(L(t, ψ)L(t, ψ))dt
=
1
2i
(∫ 1+δ+2iT
1+δ+2i
−
∫ 1+δ+2iT
1+2iT
+
∫ 1+δ+2i
1+2i
)
X(t−1)/2 log(L(t, ψ)L(t, ψ))dt
=
1
2i
∫ 1+δ+2iT
1+δ+2i
X(t−1)/2 log(L(t, ψ)L(t, ψ))dt+O(log T )
= Xδ/2
∞∑
n=2
(ψ(n) + ψ(n))Λ(n)
n1+δ log n
∫ T
1
exp(it(logX − 2 log n))dt+O(log T )
=
2T
logX
X−1/2(ψ(X1/2) + ψ(X1/2))Λ(X1/2) +O(log T ),
where Λ(X) is the usual von Mangoldt function. The second integral involving log(L(1−2it, ψ)L(1−2it, ψ))
is obviously bounded, because the corresponding integrand becomes exp(it(logX + 2 log n)).
It remains to work with the third term L 3. By partial integration, we have
L 3 = XiTS(T )− i logX
∫ T
1
XitS(T )dt+O(1) = XiTS(T ) +L 4 logX − iL 5 logX +O(1),
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where
L 4 =
∫ T
1
sin(t logX)S(T )dt and L 5 =
∫ T
1
cos(t logX)S(T )dt.
For the Selberg zeta function defined in (1.3), define
F (z) = logZΓ(z) sin
((1
2
− z
)
i logX
)
,
where we take the principal value of the logarithm and the branch of logZΓ(z) is taken such that logZΓ(z) is
real for every z > 1. Imitating the aforementioned treatment of L 2, we consider the rectangle with vertices
1 + δ + i, 1 + δ + iT, 1/2 + iT and 1/2 + i with δ = (logX)−1. Hence,
L 4 = =
(
1
pii
∫ 1/2+iT
1/2+i
F (z)dz
)
= =
(
1
pii
(∫ 1+δ+iT
1+δ+i
−
∫ 1+δ+iT
1/2+iT
+
∫ 1+δ+i
1/2+i
)
F (z)dz
)
.
The third integral turns out to be bounded. From the definition (1.3) of the Selberg zeta function, we reduce
the first integral as
1
pii
∫ 1+δ+iT
1+δ+i
F (z)dz =
1
pi
∫ T
1
logZΓ(1 + δ + it) sin
((
t−
(1
2
+ δ
)
i
)
logX
)
dt
= − 1
2pii
∑
{P}
ΛΓ(P )(1−N(P )−1)−1
N(P )1+δ logN(P )
∫ T
1
exp
(
i
(
t−
(1
2
+ δ
)
i
)
logX − it logN(P )
)
dt
+
1
2pii
∑
{P}
ΛΓ(P )(1−N(P )−1)−1
N(P )1+δ logN(P )
∫ T
1
exp
(
i
(
t−
(1
2
+ δ
)
i
)
logX − it logN(P )
)
dt
= −X
1/2+δ
2pii
∑
{P}
ΛΓ(P )(1−N(P )−1)−1
N(P )1+δ logN(P )
∫ T
1
exp(it(logX − logN(P )))dt+O(1)
= − ΛΓ(X)
2piiX1/2 logX
(X1/2 −X−1/2)−1T +O(1);
whence we gain
=
(
1
pii
∫ 1+δ+iT
1+δ+i
F (z)dz
)
=
T
2pi logX
X−1/2(X1/2 −X−1/2)−1ΛΓ(X) +O(1).
Finally, the second integral can be bounded as
− 1
pii
∫ 1+δ+iT
1/2+iT
F (z)dz =
1
pi
∫ 1+δ
1/2
logZΓ(σ + iT ) sinh((σ − 1 + iT ) logX)dσ  G(T ),
where G(T ) is the same as in the introduction. In a similar manner, the integral L 5 can be estimated,
namely L 5  G(T ). Notice that the order of G(T ) is always significantly higher than log T . Collecting those
estimates, we have completed the proof of Theorem 1.1. 
One can prove the explicit bound on G(T ) by simple use of the Selberg trace formula or some techniques
such as the expression of the Selberg zeta function by partial sum counted with ΛΓ(P ) (which can be viewed
as an analogue of Selberg’s identity [Tit87, Equation (14.21.4)]). The objective only for the case of the
Riemann zeros was already shown by Fujii [Fuj90, Theorem 4] under the Riemann Hypothesis; however it
seems that no difficulties emerge from adapting his method to our setting (here it is important that the
analogue of the Riemann Hypothesis for ZΓ(s) is given). Note that many approaches to the the integral such
as G(T ) have hitherto been devised for analytic L-functions in the sense of [IK04], and certain fundamental
properties for ZΓ(s) was produced by Iwaniec [Iwa84, Section 3].
Finally we recall that we expect to see peaks of order T at all even prime powers as well as powers of
norms of primitive hyperbolic classes in Γ. The norms can be computed numerically by expressing these in
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terms of the trace, i.e.
N(P ) =
(
t+
√
t2 − 4
2
)2
= t2 − 2 +O(t−1),
where we put t = Trγ for a hyperbolic γ ∈ Γ. Notice that the trace of a hyperbolic conjugacy class must be
a natural number t > 3. Therefore unlike prime numbers which have an average gap of log x, the norms of
prime geodesics are ubiquitous in some sense, namely are widely spaced with each possible norm appearing
with high multiplicity h(d), the class number. When we treat the Hecke congruence subgroup Γ0(q), the
resulting form of the class number turns out to be like h(dq2). However this can be expressed as
h(dq2) =
log((t1 +
√
du1)/2)
log((t0 + q
√
du0)/2)
q h(d)
∏
p|q
(
1− j(d, p)
p
)
,
where (t0, u0) and (t1, u1) are the fundamental solutions to the Pell equations t
2−dq2u2 = 4 and t2−du2 = 4,
respectively, and
j(d, p) =

(
d
p
)
for p 6= 2,
χ8(d) for p = 2
with χ8 being the Dirichlet character
χ8(d) =

0 for d ≡ 0 (mod 2),
1 for d ≡ 1, 7 (mod 8),
−1 for d ≡ 3, 5 (mod 8).
The same computation can be done for other arithmetic subgroups of PSL2(R). Our Theorem 1.1 then
states that for
κ(X) := ‖X1/2 +X−1/2‖,
the spectral exponential sum S(T,X) has a peak when κ(X) = 0. Here ‖X‖ indicates the distance from X
to the nearest integer. The way to define κ(X) relates to Sarnak’s bijection given in [Sar82].
3.3. Applications. As was stated in the previous section, the norms of prime geodesics are widely spaced.
In connection with the distribution of the norms, we consider the distribution of the spectral parameters tj .
More precisely, we investigate the distribution of the fractional parts of αtj , where α is a fixed non-zero real
number and tj ranges over the spectral parameters attached to Γ. Proceeding, let {y} denote the fractional
part of y, which is interpreted as the image of y in the torus T = R/Z.
Our starting point is the asymptotic formula for S(T,X) displayed in (1.8). Putting X = e2piαh into our
Theorem 1.1 with α > 0 and a positive integer h implies that∑
tj6T
e2piiαhtj = O(T ), (3.4)
while there are  T 2 summands on the left hand side by the Weyl law. The estimate (3.4) immediately
shows that the sum over tj has more significant cancellation of terms than in the case of the Riemann zeta
function. Note that the form of (3.4) is quite analogous to that treated by Fujii. Therefore, classical Weyl’s
criterion [KN74, Chapter 1, Theorem 2.1] alludes to the following theorem.
Theorem 3.1. The sequence {αtj} is uniformly distributed in the interval [0, 1].
By Weyl’s criterion again, we have for every continuous function w : T→ C∑
tj6T
w(αtj) = NΓ(T )
∫
T
w(u)du+ o(NΓ(T ))
as T → ∞. But it seems that more sophisticated version of this formula may be available, consulting the
method devised for the study of the distribution of the fractional parts {αγ}, where γ runs over the imaginary
parts of the nontrivial zeros of the Riemann zeta function. We will originate the research in this direction in
Part II of the series of this literatures.
SPECTRAL EXPONENTIAL SUM ON HYPERBOLIC SURFACES 11
3.4. Heuristics on the explicit formula for S(T,X). In this subsection we try to tackle the interesting
issue what the geometric analogue of Gonek’s formula [Gon12, Gon93] ought to be. The reader may wonder
to what extent the assumption on X in Theorem 1.1 can be removed, but interestingly this is a much harder
problem than in the classical case of the Riemann zeta function or Dirichlet L-functions. This fact seems to
be due to the complexity of the form of the functional equation for the Selberg zeta functions. In practice,
the formula we will derive beautifully “covers” Gonek’s approximation (??) for the case of PSL2(Z)\H. To
explain that, we now assume without loss of generality that X, T > 1 and that T is not the ordinate of any
zero of the Selberg zeta function ZΓ(s). Letting σ = 1 + η, we treat the well known contour integral
I :=
1
2pii
∫ σ+iT
σ+i
Z ′Γ
ZΓ
(s)Xsds.
In order to evaluate this we move the contour into the following five segments
C+1 =
[
1
2
+ η + iT, 1 + η + iT
]
, C+2 =
[
−η + iT, 1
2
+ η + iT
]
,
C+3 = [−η + i, −η + iT ], C+4 =
[
1
2
+ η + i,−η + i
]
, and C+5 =
[
1 + η + i,
1
2
+ η + i
]
with η = (log T )−1. Thus one derives that
I = X1/2S(T,X) +
∑
γj6T
Xρj +
1
2pii
5∑
k=1
∫
C+k
Z ′Γ
ZΓ
(s)Xsds, (3.5)
where the first sum runs over poles ρj = βj + iγj of the scattering determinant ϕ of Γ, which lie on the
half-plane βj < 1/2 with positive imaginary parts γj > 0. In particular, when Γ = PSL2(Z) the sum over
ρj turns out to be that over nontrivial zeros of ZΓ(s) at s = ρ/2, where ρ are complex zeros of the Riemann
zeta function. We first calculate the integral I directly. To this end, we replace Z ′Γ/ZΓ(s) by the Dirichlet
series
∑
{P} ΛΓ(P )(1−N(P )−1)−1N(P )−s, finding that
I =
1
2pi
∑
{P}
ΛΓ(P )(1−N(P )−1)−1
∫ T
1
(
X
N(P )
)σ+it
dt
=
T − 1
2pi
(1−X−1)−1ΛΓ(X) +O
(
Xσ
∑
{P}
min
(
T,
∣∣∣∣ log XN(P )
∣∣∣∣−1) Λ(P )N(P )σ
)
.
(3.6)
Incorporating the identity (3.5) with (3.6), we have the following alluring explicit formula for S(T,X) asso-
ciated with a general Γ, which is of independent interest.
Theorem 3.2 (Explicit formula for S(T,X)). Let Γ be a discrete cofinite subgroup of PSL2(R) and let I
and C+k (k = 1, . . . , 5) be as above. Then, for X, T > 1 one has
S(T,X) = T
2pi
(X1/2 −X−1/2)−1ΛΓ(X)−
∑
γj6T
Xρj−1/2
− 1
2pii
5∑
k=1
∫
C+k
Z ′Γ
ZΓ
(s)Xs−1/2ds+O
(
Xσ−1/2
∑
{P}
min
(
T,
∣∣∣∣ log XN(P )
∣∣∣∣−1) Λ(P )N(P )σ
)
. (3.7)
Note that in the case of Γ = PSL2(Z), combining (3.5) with original Gonek’s formula (??) yields the
term TX−1/2Λ(X1/2)/2pi. However, for the error term in (3.7), we would not be able to simplify it further.
In practice, the Brun-Titchmarsh type inequalities proved in [Iwa84, KK18] for arithmetic subgroups of
PSL2(R) and routine computations gives the fact that the error term can be bounded as
 η−1X1/2+η +X1/2(logX)2 + T (logX)4,
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where the third term arises from the sum over {P} wherein the distance between X and N(P ) is sufficiently
close. Since the order of the third term is slightly bigger than O(T ), the first term in the right hand side
of (3.7) ends up being absorbed by the error term!
Next we focus on the estimate on the integral appearing in (3.7). For example, one calculates the integral
over the vertical line C+3 by using the functional equation of the Selberg zeta functions. Indeed, as one of
early triumphs of the Selberg trace formula, Venkov [Ven82, Theorem 5.1.5] showed the functional equation
of ZΓ(s) in the shape
ZΓ(1− s) = ZΓ(s)ϕ(s)ΞΓ(s), (3.8)
where ΞΓ(s) is explicitly given in terms of certain integrals involving elementary functions, whose resulting
form is highly complicated; see [Hej83, Equation (5.8b), p.499] for example. By analyzing explicitly the
function ΞΓ(s), Venkov [Ven82, Lemma 5.2.2] proved that
1
2pi
arg ΞΓ
(1
2
+ iT
)
=
vol(Γ\H)
4pi
T 2 − h
pi
T log T + cΓT +O(1), (3.9)
where the quantities h and cΓ is the same as what we have introduced in Section 2. Note that arg ΞΓ(1/2+iT )
represents the argument of ΞΓ(1/2 + iT ) obtained by moving continuously from the point s = A for some
fixed A > 1 along a path consisting of the two line segments s = A → A + iT → 1/2 + iT . So, computing
the integral containing ΞΓ(s) can sketchily be reduced to the method in the proof of Theorem 1.1, as the
right hand side of (3.9) is just what appeared in the Weyl law (2.2). One thing to be aware of here is that
the identity (3.9) is for arg ΞΓ(s) at some critical point s = 1/2 + iT , while in the variant formula at the
value 1 + η − iT the full main term of order T 2 also arises thanks to the functional equation (3.8). Such a
reduction could be exploited in Gonek’s proof of his formula [Gon93, p.403]. Anyway, the error term ends
up being much bigger than in the case of the Riemann zeta function, and this phenomenon is similar to the
proof of the explicit formula (1.2) for the Chebyshev-like counting function ΨΓ(X) due to Iwaniec, where the
parameter T had been restricted to 1 6 T 6 X1/2.
The remaining integral over C+k may follow, in particular, from certain properties of Z
′
Γ/ZΓ(s) listed
in [Iwa84, p.143]. But the fact remains that the error term in Theorem 3.7 can be big. We emphasize here
that further analyses of S(T,X) with uniformity in X may be executed by spectrally mimicking a more
effective method devised to study the exponential sum involving the Riemann zeros.
4. Detecting counterexamples
4.1. Phillips-Sarnak theory and eigenvalue multiplicities. Now, we are interested in the validity of
the asymptotic formula NΓ(T ) ∼ vol(Γ\H)/4pi T 2. In a major breakthrough, Phillips and Sarnak [PS85]
invented new insights into this problem by the real analytic deformation of discrete groups in PSL2(R).
They examined the behavior of a Maaß cusp form uj(z) for Γ0(p) under quasi-conformal deformations Γτ
with 0 6 τ 6 1 determined by a fixed newform Q ∈ S4(Γ0(p)) with p a prime. Denote by T (Γ0(p)) the
corresponding Teichmu¨ller space which would be characterized in terms of Q. The folklore theory of Phillips
and Sarnak manifested that cusp forms are rare and rather fragile objects whose existence may be limited to
certain arithmetic groups (such a limitation eventually becomes an obstacle to estimate S(T,X)). Specifically,
their theory combined with the result of Luo [Luo01] yields the fact that the Weyl law
NΓτ (T ) ∼
vol(Γ\H)
4pi
T 2
cannot hold for a generic Γτ , if one merely assumes that the eigenvalue multiplicities for Γ0(p)\H are
bounded4.
The Phillips-Sarnak theory enabled us to believe that the existence of Maaß cusp forms is intimately tied
to the arithmetic nature of the group Γ. In particular, we are led to the following fascinating concepts.
4The above multiplicity assumption can be replaced by a weaker one. Indeed, it suffices to suppose that for some constant
A > 0,
lim
A→∞
lim
T→∞
#{j : tj 6 T, m(tj) > A}
T 2
= 0,
where m(tj) denotes the multiplicity of the eigenvalue λj = 1/4 + t
2
j .
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Observation 4.1. Non-arithmetic groups Γ should not be essentially cuspidal and there should be only a
finite number of cusp forms in such a case. If the latter assertion is true, the bound S(T,X) 1 holds.
Observation 4.2. The validity of the law (1.8) may well be limited to certain arithmetic groups including
congruence subgroups of PSL2(Z). In particular, if Γ is not essentially cuspidal, the asymptotic formula for
S(T,X) with the first term in (1.8) is not valid, since the contribution from ϕ(s) associated with Γ is too big.
Here we said Γ is essentially cuspidal if NΓ(T ) dominates the behavior of NΓ(T ) +MΓ(T ), precisely if
NΓ(T ) ∼ vol(Γ\H)
4pi
T 2.
We now point out a very important example where Γ is not essentially cuspidal. Supposing that the cuspidal
spectrum stemming from newforms for Γ0(2
ϑ)\H with ϑ = 0, 1, 2 is simple, Wolpert showed that a generic Γ
in certain families of genus zero surfaces has only a finite number of “even” cusp forms. Thus, there follows
that for these families the generic Γ is not essentially cuspidal (see [Wol92a, Wol92b, Wol94]). Indeed in this
case the contributions from NΓ(T ) and MΓ(T ) have the same order. As for our Observation 4.1, we remark
that the spectral exponential sum S(T,X) and the error function EΓ(X) are not directly connected to each
other in general, because we still do not have the explicit formula for ΨΓ(X) for a general cofinite Γ, which
is known to be derived from the Brun-Titchmarsh type inequalities ([Iwa84, KK18]). As was stated in the
introduction, the bound EΓ(X)  X3/4+ holds for a general cofinite Γ. It is pertinent to ask whether the
exponent 3/4 +  is the best possible for the generic situation.
Here we ponder the eigenvalue multiplicity problem for arithmetic groups, with an emphasis on the case
of Γ0(q). The case of q = 1 was first considered by Cartier [Car71], and consequently he conjectured that the
cuspidal spectrum is simple based on limited numerical data. Nowadays, intensive numerical computations of
Then [The05] are available and determine the first 53000 eigenvalues for PSL2(Z)\H; thus we can get support
of Cartier’s conjecture from those. In passing, the eigenvalues coming from Then’s data have 13 decimal digit
precision, while the data of Booker and Stro¨mbergsson used in [BSV06] have much higher precision of 53
decimal digits for 2280 eigenvalues.
For q > 1 the situation is entirely different, since the cuspidal spectrum for Γ0(q)\H is not necessarily
simple, which follows from the existence of newforms and oldforms having the same Laplace eigenvalue.
Nevertheless, one naturally asks whether the new part of the cuspidal spectrum consisting of eigenvalues for
Γ0(q)\H associated with newforms is simple. This conjecture is certainly expected to be true for squarefree
q, that was suggested in the work of Bolte and Johansson [BJ99a, BJ99b] and Stro¨mbergsson [Str01]. These
works handle the spectral correspondence between the new part of the cuspidal spectrum for Γ0(q)\H and
Laplace eigenvalues for the quaternion group ΓO defined by the proper group of units of norm one in a maximal
order O in an indefinite quaternion division algebra D over Q. We indicate by q = q(O) ∈ N the discriminant
of O, and by {ϕj} an orthonormal basis for L2(ΓO\H) consisting of eigenfunctions of the Laplacian with
∆ϕj = λjϕj such that L
2(ΓO\H) =
⊕
j [Cϕj ], where the right hand side is the closure of the orthogonal sum.
Specifically, Bolte and Johansson succeeded in proving the inequality NΓO (T ) 6 NΓ0(q)(T ) if the Laplace
eigenvalues associated with ΓO is all simple, where NΓO (T ) is the spectral parameter counting function for a
compact orbit space ΓO\H. We stress that (cf. [Ven82, Theorem 6.2.2]) there is no representation-theoretic
reason for the spectrum of the Laplacian on L2(ΓO\H) to have eigenvalues with m(tj) > 1. Notice that the
set of Laplace eigenvalues for ΓO\H is equal to the set of those of newforms for Γ0(q)\H with q =
∏
p∈S p,
where S is the set of primes p such that Dp = D ⊗Q Qp is a division algebra (see [Koy98, Lemma 1]).
Incorporating this fact with the very recent result of Humphries [Hum17], where it is shown that the new
part of the cuspidal spectrum of the Laplacian on Γ0(q)\H would contain eigenvalues of high multiplicity if q
is highly composite and non-squarefree, makes us to believe that the spectrum of the Laplacian on L2(ΓO\H)
may be simple if O is maximal.
Eventually, our frequencies tj associated with an arithmetic group are not linearly independent over Q
according to circumstances, so we might not be able to make S(T,X) the partial sums of an almost periodic
function in some cases.
14 IKUYA KANEKO
4.2. Generalization to generic groups. Noting that the bound S(T )  T/ log T holds for generic hy-
perbolic surfaces, our proof of Theorem 1.1 could work for more extensive situation, although the integral
entailing the winding number remains. Practically, one derives from (3.2) that
Theorem 4.3. Let Γ be a discrete cofinite subgroup of PSL2(R). For a fixed X > 1, we have
S(T,X) = vol(Γ\H)
2pii
XiT
logX
T +
T
2pi
(X1/2 −X−1/2)−1ΛΓ(X)−
∫ T
1
XitdMΓ(t) +O
(
T
log T
)
(4.1)
as T →∞.
In particular, one has
Corollary 4.4. If Γ is essentially cuspidal, the asymptotic formula for S(T,X) holds with the oscillatory
leading term in (4.1), and if Γ is not essentially cuspidal, an amplitude of S(T,X) can be much smaller.
As an important instance, if Γ\H is compact, then the formula above can be reduced to
S(T,X) = vol(Γ\H)
2pii
XiT
logX
T +
T
2pi
(X1/2 −X−1/2)−1ΛΓ(X) +O
(
T
log T
)
,
From this, we can look at peak points for S(T,X) associated with Γ cocompact (a quaternion group deter-
mined by an indefinite division quaternion algebra over Q would be useful for ascertaining peaks at norms
of prime geodesics numerically). In more general, we cast doubt on the following.
Question 4.5. Does one can see peaks of order T for S(T,X) for a generic Γτ? In other words, is the
contribution from the winding number small enough so that the first two terms in the asymptotic law (4.1)
remain in order of magnitude?
Unfortunately one cannot explicitly answer this considerable question, but the clue must lie in the arith-
metic nature of the group Γ. Needless to say, bounding the third term in the right hand side of (4.1) depends
heavily on the size of the winding number. It should be pointed out that the scattering determinant can be
written as
ϕ(s) =
(√
piΓ(s− 1/2)
Γ(s)
)h ∞∑
n=1
anb
−2s
n , (4.2)
where a1 6= 0 and 0 < b1 < b2 < · · · < bn → ∞ (cf. [Ven82, Theorem 3.5.1]). One cannot underestimate
the significance of the formula (4.2) for a general cofinite Γ. The series in (4.2) converges absolutely in
<(s) > 1, so it is bounded. In the half-plane <(s) > 1/2, ϕ(s) has a finite number of poles, all in the segment
1/2 < σj 6 1. There follows that ϕ(s) does not vanish for <(s) sufficiently large, which implies through the
functional equation that the (nontrivial) scattering poles are contained in a vertical strip σ < <(s) < 1/2,
where the constant σ hinges only on the group Γ. In this way, Question 4.5 can be resolved if the Dirichlet
series in (4.2) furnishes with “good” structure.
5. Numerical evidence towards Conjecture 1.5
In this section, we provide numerical computations of the behavior of S(T,X) as stated in the intro-
duction. The groups we will deal with is the so-called moonshine groups, which are arithmetic subgroups
of PSL2(R). In order to make this paper as self-contained as possible, we start with mentioning several
important properties such as the Weyl law for the moonshine groups.
5.1. Review of moonshine groups. Let {pj} (j = 1, 2, . . . , r) be a set of distinct primes such that q =
p1p2 · · · pr is a positive squarefree integer. We define the moonshine group of level q by
Γ0(q)
+ :=
{
e−1/2
(
a b
c d
)
∈ PSL2(R) : ad− bc = e, a, b, c, d, e ∈ Z, e | q, e | a, e | d, q | c
}
, (5.1)
which is an arithmetic subgroup of PSL2(R). Notice that the terminology “moonshine group” has been used
when working with Γ0(q)
+, which follows [CG97, CMS04, Cum04, Gan06, Cum10]. The groups Γ0(q)
+ were
first put forth by Helling [Hel66] in his celebrated work. In particular, he established that if a subgroup
Γ ⊆ PSL2(R) is commensurable with PSL2(Z), then there exists a squarefree integer q such that Γ ⊆
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Γ0(q)
+. The genus zero moonshine subgroups of PSL2(R) appear in the proverbial “monstrous moonshine
conjectures” of Conway and Norton, which were subsequently proved by Borcherds. To be more specific, the
monstrous moonshine refers to the intriguing relation between the sporadic simple groups and the arithmetic
of automorphic functions. As an important progress, Conway, McKay and Sebbar [CMS04] described solely
in group-theoretic terms the 171 genus zero subgroups appearing in mathematics of monstrous moonshine.
Inasmuch as one easily has Γ0(q) ⊆ Γ0(q)+ from the definition (5.1), our quotient space Γ0(q)+\H has
finite volume. Jorgenson, Smajlovic´ and Then established that the orbifold Γ0(q)
+\H has exactly one cusp
for every positive squarefree q; whence the signature of Γ0(q)
+ is given by (g;m1, . . . ,m`; 1), where g is the
genus and ` is the number of inequivalent elliptic elements for Γ0(q)
+ with mj (j = 1, . . . , `) being the order
of the corresponding elliptic element. Hereby, we immediately deduce that if ψ is a Maaß form on Γ0(q)
+,
then ψ is also a Maaß form on Γ0(q). The moonshine groups we will mainly treat in our numerics are Γ0(5)
+
and Γ0(6)
+. Both fundamental domains of Γ0(5)
+\H and Γ0(6)+\H furnish with a cusp at i∞, and each
orbifold has three inequivalent elliptic fixed points that are all of order 2. By appealing to the Gauss-Bonnet
theorem, the volumes of the fundamental domains become vol(Γ0(5)
+\H) = pi and vol(Γ0(6)+\H) = pi, which
also follows from the fact that Γ0(5)
+ and Γ0(6)
+ have the same signature.
Then the Weyl law for the moonshine groups Γ0(q)
+ is known to be as follows:
Theorem 5.1 (Jorgenson, Smajlovic´, Then [JST14, Corollary 2]). Fix q > 1. We have
NΓ0(q)+(T ) =
vol(Γ0(q)
+\H)
4pi
T 2 − 2
pi
T log T +
T
pi
(2 + log(pi/2q)) +O
(
T
log T
)
as T →∞.
From this, one readily derives
lim
T→∞
pi
T
(NΓ0(5)+(T )−NΓ0(6)+(T )) = log 6/5 = 0.182322 . . . ,
so that the surface Γ0(5)
+\H has infinitely more eigenvalues than those for Γ0(6)+\H. Interestingly the
scattering determinant associated with the cusp at i∞ for the moonshine group Γ0(q)+ of squarefree level
q = p1 · · · pr can be expressed in the following quite elementary form:
ϕ(s) =
√
piq−s
Γ(s− 1/2)ζ(2s− 1)
Γ(s)ζ(2s)
r∏
j=1
1 + p1−sj
1 + p−sj
. (5.2)
Therefore, there exists peak points of the spectral exponential sum S(T,X) at even prime powers as in the
case of the modular surface PSL2(Z)\H, because the contribution from the extra factors in (5.2) is deemed
to be small enough in asymptotics for S(T,X) in the spectral-aspect.
5.2. Notation and convention. For simplicity of upcoming analysis and numerics, we introduce the allied
sums
R(T,X) = 2
∑
tj6T
cos(tj logX) and P(T,X) = 2
∑
tj6T
sin(tj logX).
We call the sum R(T,X) (resp. P(T,X)) and related sums cosine kernels (resp. sine kernels). In practice,
we find that R(T,X) can be expressed as twice the real part of S(T,X), namely as ∑|tj |6T Xitj , and also
that
S(T,X) = R(T,X) + iP(T,X)
2
.
Now, Theorem 4.3 implies in particular the following simple corollary, which decisively determines the be-
havior of the sine kernel P(T,X) and the cosine kernel R(T,X).
Corollary 5.2. Let Γ be a discrete cofinite subgroup of PSL2(R). For a fixed X > 1, we then have
R(T,X) = vol(Γ\H)
pi
sin(T logX)
logX
T +
T
pi
(X1/2 −X−1/2)−1ΛΓ(X)
− 2
∫ T
1
cos(t logX)dMΓ(t) +O
(
T
log T
)
(5.3)
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and
P(T,X) = −vol(Γ\H)
pi
cos(T logX)
logX
T − 2
∫ T
1
sin(T logX)dMΓ(t) +O
(
T
log T
)
. (5.4)
As was explained in the proof of Theorem 1.1 (see Section 3.2), the integral containing the oscillatory
component sin(T logX) is bounded from above, immediately. Therefore the sine kernel P(T,X) can sophis-
ticatedly be approximated by the first term in (5.4), noting that the error O(T/ log T ) should not be optimal.
Taking into account Corollary 5.2, it is also convenient to work with the following normalized sums, where
the main terms in the asymptotic expansions for R(T,X) and P(T,X) are subtracted,
Θ1(T,X) := R(T,X)− vol(Γ\H)
pi
sin(T logX)
logX
T
and
Θ2(T,X) := P(T,X) + vol(Γ\H)
pi
cos(T logX)
logX
T.
Correspondingly we also define
∆1(T,X) := R(T,X)T−1 and ∆2(T,X) := P(T,X)T−1.
Remark 5.3. Laaksonen [PR17, Appendix] has used the Selberg trace formula straightforwardly to establish
the asymptotic law (5.3) applied to the modular group PSL2(Z). Since the trace formula demands that the test
function is even, one cannot analyze the sine kernel directly from that. However, he [Laa15] posted several
graphs for the sine kernel (as well as for the cosine kernel) by his numerical computation which was based on
the data of Then [The05].
5.3. Numerics on Γ0(5)
+ and Γ0(6)
+. We are ready to present plots of the sine and cosine kernels for
the moonshine groups Γ0(5)
+ and Γ0(6)
+ in terms of both variables T and X. The limited evidence derived
from the plots particularly reinforces our belief that the conjectural bound S(T,X)  T 1+X in the X-
aspect may be possible (see Conjecture 1.5). It should be pointed out that our numerical investigations
of spectral exponential sums are rather robust, that is to say the precision of spectral parameters has no
significant impact on the numerics to some extent5. As stated above, the calculations used for our following
plots are based on applying the 3557 (resp. 12474) consecutive eigenvalues of the Laplacian for Γ0(5)
+ (resp.
Γ0(6)
+) kindly provided by Holger Then, where the corresponding spectral parameters satisfy tj 6 125 (resp.
tj 6 230). Then computed the tj ’s using Stro¨mbergsson’s pullback algorithm, and Hejhal’s one together
with Turing’s method that was used to verify that no eigenvalue has been overlooked, and he certified them
employing the so-called average Weyl law from [JST14].
First let us handle the group Γ0(5)
+. The most remarkable situation for us is when we fix a sufficiently
large T and vary X. In Figure 1, we have fixed T = 125 with X in the small box [3, 30]. As explained in
Section 5.2, there should exist peaks of order T at all even prime powers for Γ0(5)
+. Figure 1 roughly shows
us the peak points or abnormalities (see Corollary 1.2) at even prime powers such as X = 22, X = 32 and
X = 24. A possible reason for appearing the abnormalities (which are also called peaks here but not actually
peaks) at some of these points is that the amplitude of ∆1(T,X) in our case is slightly bigger than in the
classical case of PSL2(Z)\H. We note that vol(Γ0(5)+\H) = pi, while vol(PSL2(Z)\H) = pi/3. Therefore,
if and only if sin(T logX) is negative for a fixed T , then some of the peaks for ∆1(T,X) turns into just
abnormalities by virtue of the contribution of the term coming from the scattering determinant. With the
more eigenvalues, the clearer structure of the peaks may be seen. It is very important to say here that the
sum S(T,X) associated with Γ can be viewed essentially as the heat kernel on Γ\H, which follows from the
geodesic flow of Γ\H. Thus, generically speaking, it turns out just as one wished to see growth at the lengths
of prime geodesics. One can apply our Figure 1 to detect the first few norms of prime geodesics for the
moonshine group Γ0(5)
+.
We also look at the green line in Figure 1, and ascertain that the oscillations in the sine and cosine
kernels accord and are just slightly out of synchronization. It is difficult for us to spell out this unexpected
pattern. At the peak points displayed in Figure 1, the cosine kernel ∆1(T,X) has large peaks only on
5The author thanks to Niko Laaksonen for kindly letting me know this fact.
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Figure 1. The normalized spectral exponential sums ∆1(T,X) (blue) and ∆2(T,X) (green)
associated with Γ0(5)
+ in terms of X for X ∈ [3, 30] with T = 125. Each pair of arrows
indicates the peak or abnormality at the corresponding even prime power.
positive values, while the sine kernel ∆2(T,X) has smaller peaks on both negative and positive values around
the X-coordinate for the peaks. Moreover, it seems that the sine kernel is close enough to zero at the peak
points of cosine kernel. These are recurring phenomena for all the peak points one can find. Figure 1 also
suggests that the extremely strong bound S(T,X)  T 1+X for Γ = Γ0(5)+ is perhaps valid (although it
is impossible to dispose of the extra factor X). We know already that such a bound yields the expected
estimate EΓ(X)  X1/2+ for any  > 0, via the explicit formula (1.2), and by appealing to the Ω-result
proposed by Hejhal [Hej83], this estimate is optimal if true.
Next we consider the order of magnitude of Θ1(T,X) and Θ2(T,X) in the spectral-aspect, namely as
T → ∞. In Figure 2, we plotted the normalized sine and cosine kernels in terms of T where X = 22.95,
which is one of norms for Γ0(5)
+\H (see Figure 1), and also appears in the list of norms for PSL2(Z)\H.
As alluded to before, the sine kernel concentrates around 0, whereas the cosine kernel oscillates around some
finite value. This phenomenon is indeed formulated in Theorem 4.3 with Γ = Γ0(5)
+, from which one can
explicitly describe the converged value of Θ1(T,X)T
−1 as T →∞ with X = 22.95. If we are not concerned
with peak points, we find steady oscillations around 0 for both sums Θ1(T,X)T
−1 and Θ2(T,X)T−1.
Finally, Figure 3 shows the behavior of the sums ∆1(T,X) and ∆2(T,X) for Γ = Γ0(6)
+ in the X-aspect.
Figure 3 should be compared with that for Γ0(5)
+. Our principal interest is whether the fact that there are
infinitely more cusp forms for Γ0(5)
+ than those for Γ0(6)
+ affects cancellation in each spectral exponential
sum. Consequently, it turns out that such a fact does give no effect for cancellation in S(T,X). One of
what should be interpreted from Figure 3 is that the spectral exponential sum is so stable in both aspects in
general (unless the case where the group Γ is not essentially cuspidal).
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Figure 2. The normalized sine kernel Θ1(T,X)T
−1 (green) and cosine kernel Θ2(T,X)T−1
(blue) associated with Γ0(5)
+ in terms of T for T ∈ [3, 125] with X = 22.95.
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Figure 3. The normalized spectral exponential sums ∆1(T,X) (blue) and ∆2(T,X) (green)
associated with Γ0(6)
+ in terms of X for X ∈ [3, 30] with T = 230. Each pair of arrows
indicates the peak or abnormality at the corresponding even prime power.
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